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1 Introduction
The AB system is an coupled integrable system of differential equations that is applicable
in various fields of physics. In fluid mechanics the AB system represents the baroclinic
instability concerning mean potential energy flow converted into perturbing kinetic en-
ergy by modelling a two-layer system with non-zero sheer velocity [1, 2]. It further
represents particular modulation instabilities in fluid dynamics [3, 4] and describe the
ultra-short optical pulse propagation in nonlinear optics [1, 5]. In its canonical form [6],
this system is constituted of two coupled equations,
2B0,x +
(|A0|2)t = 0, A0,xt = A0B0; B0 ∈ R. (1)
with two dynamical dynamical variables A0(x, t) and B0(x, t), complex and real respec-
tively. The subscripts stand for derivatives. A0(x, t) represents the amplitude of the
wave packet whereas B0(x, t) is the correction of the basic flow. They further obey the
normalization condition |A0,t|2 +B20 = 1 wherein the RHS is a result of suitable scaling
subjected to the expected boundary condition B0 → ±1 for |x| → ∞ [6]. On substituting
for B0, the AB equations combine to,
A20
(|A0|2)t + 2A0A0,xxt − 2A0,xA0,xt = 0, (2)
yielding a single higher order nonlinear differential equation.
Standard tools such as the method of Lax pair, inverse scattering transform, Hirota
bilinearization etc. have been employed to study the AB system of equations to establish
its integrability through infinitely many conserved quantities [7, 8]. Different class of
localized soliton solutions of this systems were further obtained and analyzed in detail
[9, 10]. The Lax pair for the AB system is given as:
L = −iλσ3 + A0
2
σ+ − A
∗
0
2
σ−, M =
1
4iλ
(−B0σ3 +A0,tσ+ +A∗0,tσ−) , (3)
with spectral parameter λ and SU(2) matrices:
σ3 =
(
1 0
0 −1
)
, σ+ =
(
0 1
0 0
)
, σ− =
(
0 0
1 0
)
, (4)
which leads to the AB equations through the zero curvature condition Ftx = Lt −Mx +
[L,M ] = 0.
The present work examines the effect of two different types of deformations of physi-
cal importance on the AB system. The first of these is the Non-holonomic deformation
(NHD) that preserves the integrability of the system, whereas the second being the
Quasi-integrable deformation (QID) that preserves integrability only in the asymptotic
limit with only a subset of the charges conserved locally. For different integrable sys-
tems both NHD [11, 12, 13, 14, 15, 16, 17] and QID [18, 19, 20, 21, 22, 23, 24] have
been obtained and studied at length. Comparative studies of these two entirely different
deformations for physically very relevant nonlinear Schro¨dinger equation [25], its gen-
eralizations [26] and non-local extension [27] have been carried out recently. The AB
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equations are another physically important system that also serves as the generalization
to important systems such as sine-Gordon and sinh-Gordon equations [3, 6]. Therefore
a study of both NHD and QID of this system is of considerable interest which has not
been attempted yet to the best of our knowledge.
The rest of the paper is organized as follows. In Section 2 the non-holonomic deforma-
tion of the AB system has been obtained and a few particular localized solutions of the
same are discussed. The quasi-integrable deformation of the AB system is discussed in
Section 3 followed by a few particular solitonic structures yielding partial conservation.
We conclude in Section 4 after some discussions.
2 NHD of the AB system
The NHD of integrable systems is one in which the system is perturbed in such a manner
that under suitable differential constraints on the perturbing function, the system re-
tains its integrability. It was shown by Karasu-Kalkani et al [11] that the integrable 6th
order KdV equation represented a NHD of the celebrated KdV equation. The terminol-
ogy ‘nonholonomic deformation’ was used by Kupershmidt [12]. The N-soliton solution
using inverse scattering transform and a two-fold integrable hierarchy were obtained for
the NHD of the KdV equation [13]. This work was extended to include both KdV and
mKdV equations along with their symmetries, hierarchies and integrability [14]. The
NHD of derivative NLS and Lenells-Fokas equations was discussed in Ref. [15]. Therein,
deformed integrable versions of these equations were obtained with some arbitrary func-
tions of time as coefficients and solutions of these equations were found to give rise to
the phenomenon of accelerating solitons as solutions of these deformed equations with
suitable choice of the time dependent coefficients. The NHD of generalized KdV type
equations was taken up in Ref. [16] where emphasis was put on the geometrical aspect
of the problem. Kupershmidt’s infinite-dimensional construction was further extended
to obtain the NHD of a wide class of coupled KdV systems, all of which are generated
from the Euler-Poincare-Suslov flows [17]. The NHD of the non-local generalization of
the nonlinear Schro¨dinger equation has also been studied [27].
To construct the NHD of an integrable system one starts with the corresponding Lax
pair, keeping its spatial component L unchanged but modifying the temporal one M .
This implies that the scattering problem remains unchanged, but the time evolution
of the spectral data becomes different in the perturbed models. To retain integrability
the non-holonomic constraints have to be affine in velocities prohibiting explicit velocity
dependence of the deformed dynamical equation. This insists on deformation of the
temporal component of the Lax pair only, as in absence of its time derivative in the
flatness condition the dynamical equation can remain velocity independent [28]. It is
due to such construction that the system can retain its integrability in spite of being
subjected to perturbation.
Since the AB system has diverse physical applications it is viable to seek its NHD that
potentially can connect the original system to other integrable systems [13, 14, 15, 16, 26]
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with possible physical realizations [29]. This could enhance the collective understand-
ing of such nonlinear systems with particular solution sectors being identified. In the
following we provide a general recipe of deforming the AB system non-holonomically.
It may easily be shown that deforming the temporal component of the corresponding
Lax pair with terms which are of zero or higher order in spectral parameter λ do not
change the AB system, i. e. no deforming term gets added to the equations at the
particular spectral order. We therefore start with a deforming extension to the temporal
Lax component of the order O (λ−1) as,
Mdef =
1
4iλ
(u1σ3 + v1σ+ + w1σ−), (5)
where the local functions u1, v1 and w1 are to be determined in terms of A0, B0 and
their derivatives. Using the deformed temporal Lax component in the zero-curvature
equation, we obtain the non-holonomically deformed AB equations as:
2Bd,x + (|Ad|2)t − 2u1,x = 0, Ad,xt = AdBd −Adu1, A∗d,xt = A∗dBd −A∗du1, (6)
with v1 and w1 vanishing identically and the suffix d signifying deformed solutions. In
comparison with Eq.s 1 an extra term each get introduced on account of the NHD.
However, this is effectively equivalent to a local shift B0 → Bd − u1 and therefore the
combined Eq. 2 remains unaltered. Further, there is no differential constraint on u1
separately. Therefore the present choice of Mdef reveals potentially an infinite number
of system through the choice of u1 that are non-holonomically equivalent, a property
which can substantially simplify the solution mechanism as we will see. In order to
obtain non-trivial results the NHD must be extended to the order λ−2) terms as,
Mdef =
1
4iλ
(u1σ3 + v1σ+ + w1σ−) +
1
4iλ2
(u2σ3 + v2σ+ + w2σ−). (7)
From the zero-curvature condition, considering λ free terms, one gets v1, w1 = 0 as
before. At order λ−1 the extended dynamical equations turn out as,
2Bd,x + (AdA
∗
d)t = 2u1,x, (8)
nonumber (9)
Ad,xt −AdBd + 2iv2 +Adu1 = 0, A∗d,xt −A∗dBd − 2iw2 +A∗du1 = 0.(10)
Further, considering terms of order λ−2 one obtains the conditions:
2u2,x = Adw2 +A
∗
dv2, v2,x +Adu2 = 0, w2,x +A
∗
du2 = 0. (11)
It is immediately apparent that the normalization |A0,t|2+B20 = 1 is no longer valid and
is replaced by the derived condition,
|Ad,t|2 + (Bd − u1)2 = 2i
∫
x
(
Ad,tw2 −A∗d,tv2
)
. (12)
The constraint conditions effect higher order differential relations among the solutions
Ad and Bd as,
4
iAd (Ad,xt −AdBd +Adu1)xx − 2Ad, x (Ad,xt −AdB0 +Adu1)x
= A∗d (Ad,xt −AdBd +Adu1) +Ad (Ad,xt −AdBd +Adu1)∗ , (13)
wherein the unconstrained variable u1 as it can be absorbed through the redefinition
Bd → Bd−u1 which makes further sense as now the combination Bd−u1 is real definite
instead of Bd alone. Hence, since the unconstrained function u1 cannot be determined
it is meaningful to consider Bd− u1 instead of Bd as a solution to the deformed system.
Being of higher differential order the above constraint restricts the solution space without
hampering the dynamics. Since Bd − u1 is real, by taking complex conjugation of the
second of Eq. 10 one finds v∗2 = w2. The later then implies u2 to be real too. Then from
the second of Eq.s 10 and substituting Bd − u1 from the first,
Ad,xt +
1
2
Ad∂
−1
x (AdA
∗
d)t + 2iv2 = 0. (14)
Further, substituting for u2 from the second of Eq.s 11 in the first,
2
(
w2,x
A∗d
)
x
+Adw2 +A
∗
dw
∗
2 = 0. (15)
Eq.s 14 and 15 can be solved simultaneously in principle to obtain deformed solutions
of the AB system, rendering the deformation introduced in Eq. 7 to be genuine. The
corresponding higher order constraint comes from Eq.s 11, making the present defor-
mation a non-holonomic one. As the zero curvature condition still prevails the system
retains integrability and since the constraint is at a higher differential and spectral or-
der it restricts the solution space corresponding to the new dynamical Eq.s 10 without
hampering the deformed dynamics itself.
2.1 Specific Examples
The general solutions (Ad, Bd − u1) of the nonholonomically deformed system for a
given set of deformation functions (u1, u2, v2 = w
∗
2) can be difficult as the Eq.s 10 and
11 represent an inhomogeneous nonlinear system. However, since v2 (and thus, w2) can
be determined in terms of Ad from Eq. 14, it is far convenient to look for deformed
configurations subjected to a particular choice of Ad. Then the validity of the same can
be tested against the existence the counterpart solution Bd − u1.
To begin with, we consider known localized solutions to the undeformed AB system
as candidate solutions to the deformed AB system to begin with. The single-soliton
solutions to the undeformed AB system is [6],
A0 = 2iγsechθ, B0 = 1− 2sech2θ; θ = iγx− i
γ
t+ δ; γ ∈ I, δ ∈ R, (16)
which respects the normalization |A0,t|2 + B20 = 1. Let us consider the particular pos-
sibility of the deformed solution being Ad = A0. Then Eq. 14 yields v2 = −γsechθ =
5
(a) (b) (c) (d)
Figure 1: a) The deformed amplitude Ad is considered to be same as the undeformed 1-soliton
solution (iγ = 1.5). The moduli of the corresponding complex deformation functions v2 and
u2, which are well-localized, are shown in b) and c) respectively. d) The shifted deformed
amplitude βd = Bd − u1 is both well-behaved and localized, validating the ansatz Ad = A0 in
this case.
w∗2 ≡ −w2 leading to u2 = −(γ/2) tanh θ both of which are well-behaved and localized.
Further, Bd − u1 = −2sech2θ ≡ B0 − 1 is also well-localized and a valid solution. Thus
we attain a 1-soliton solution to the nonholonomically deformed AB-system, subjected
to the particular set of (v2, u2), marking its integrability. These functions are plotted
in Fig. 1 using Mathematica8. In this case, one is free to choose u1 = 1, allowing for
Bd = B0 too.
However, for more complicated cases, not every solution to the undeformed AB-system
can serve as a deformed solution. For example, extending the treatment to the 2-soliton
case, following the general prescription by Gibbons et. al. [6], in case sub-critical sheer
in baroclinic fluid, we obtain the expressions as:
A20 = 4
∂2
∂x2
[ln {det(M)}]
= −4
(
a1 − a2
a1 + a2
)2 [
cosh θ1 cosh θ2 − 4a1a2
(a1 + a2)2
cosh2
θ1 + θ2
2
]−2
×
[
sinh(θ1 − θ2)
(
a21 sinh θ1 cosh θ2 − a22 cosh θ1 sinh θ2
)
−2a1a2
(
1 + sinh2 θ1 sinh
2 θ2
) ]
and
6
(a) (b) (c)
- 500
0
500
x
- 500
0
500
t
- 1.0
- 0.5
0.0
0.5
1.0
Βd
(d)
Figure 2: a) The deformed amplitude Ad is taken as equal to the undeformed 2-soliton am-
plitude A0 with a1 = 1.1, a2 = 1, δ = 0. The moduli of the corresponding localized v2 and
singular u2 are shown in b) and c) respectively. d) However, the shifted deformed amplitude
βd = Bd − u1 does not exist within the localization range of the other amplitudes.
B0 = −1− ∂
2
∂x∂t
[ln {det(M)}]
= −1− 2
(
a1 − a2
a1 + a2
)2 [
cosh θ1 cosh θ2 − 4a1a2
(a1 + a2)2
cosh2
θ1 + θ2
2
]−2
×
[
2 sinh θ1 sinh θ2 {1 + cosh(θ1 + θ2)} − 1
2
a1 + a2
a1 − a2 (1 + cosh 2θ1 cosh 2θ2)
+
a22
2a1(a1 − a2) sinh 2θ1 sinh 2θ2
]
, (17)
where a1,2 = iγ1,2 ∈ R, θ1,2 = a1x + t/a1 + δ1,2 and Mij = (ai + aj)−1 cosh 12 (θi + θj).
On Assuming Ad = A0, plotted in Fig. 2a, the corresponding moduli of deformation
functions v2 = w
∗
2 and u2 are shown in figures 2c and 2d respectively. Although v2 is well-
localized, u2 displays only singular peaks and this ansatz is not valid since the deformed
and shifted amplitude Bd−u1 turns out to be nonexistent within the localization domain
of the others (Fig. 2d). A similar situation occurs if we consider the following kink-
kink/kink-anti-kink type ansatz for Ad,
A
KK/KAK
d
=
2
a
[
1 +
(
1∓ a2
1 + a2
)2
sinh2
{
1± a2
2a
(x± t)
}
sech2
{
1∓ a2
2a
(x∓ t)
}]−1
×sech
{
1∓ a2
2a
(x∓ t)
}[(
1∓ a2) cosh{1± a2
2a
(x± t)
}
−
(
1∓ a2)2
1± a2 sinh
{
1± a2
2a
(x± t)
}
tanh
{
1∓ a2
2a
(x∓ t)
}]
, (18)
a ∈ R.
as one can verify readily.
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Figure 3: a) A kink-type ansatz is adopted for the deformed amplitude Ad with a1 = 1.5, δ = 0.
The moduli of the corresponding deformation functions v2 and u2 are subsequently well-
behaved, as shown in b) and c) respectively. d) Finally, the shifted deformed amplitude
βd = Bd − u1 exists and fairly localized in order to validate the present ansatz, marking
integrability.
Finally, we consider a kink-type ansatz for Ad, which is not a solution of the unde-
formed AB-system,
Ad = 4 arctan
[
exp
(
ax+
t
a
+ δ
)]
, a, δ ∈ R, (19)
shown in Fig. 3a. The corresponding deformation functions,
v2 = −2i
[
2e3θ
(1 + e2θ)
2 −
eθ
1 + e2θ
− 8
a2
{
arctan
(
eθ
)}3] ≡ w∗2 and
u2 =
i
2 arctan (eθ)
[
− 8ae
5θ
(1 + e2θ)
3 +
8e3θ
(1 + e2θ)
2 −
aeθ
1 + e2θ
− 24e
θ
a (1 + e2θ)
{
arctan
(
eθ
)}2 ]
, where (20)
θ = at+
t
a
+ δ,
which are both localized and well-behaved (Fig.s 3b and 3c respectively). Eventually,
the other deformed and shifted amplitude turns out to be,
Bd − u1 = 8
a2
[
arctan
(
eθ
)]2
, (21)
plotted in Fig. 3d. It is well-localized and thus the present ansatz for the nonholonomic
AB-system is valid. One can proceed accordingly to find out new solutions for the
deformed function accordingly, which are not available for the undeformed case. The
general approach will surely be to find out the complete set of (Ad, Bd − u1) for a
given pair (v2, u2) which may prove tedious depending on the given pair of deforming
functions, but can be done on principle. In any case, a body of new solutions are expected
to emerge owing to this integrable deformation.
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3 QID of the AB system
Integrable field theories correspond to infinite degrees of freedom and hence cannot ex-
actly represent physical systems which have numerous yet finite numbers of the same.
The latter are more accurately represented by slight deformations of the integrable mod-
els having a subset of charges being non-conserved. These deformed models are of par-
ticular interest if they further obtain complete integrability asymptotically implying that
they can yet be analyzed with techniques such as Lax pair and inverse scattering [18].
Such a requirement implies that the deformed model contains locally non-conserved
charges, along with the conserved ones, with the prior becoming conserved asymptoti-
cally. Quasi-integrable deformation (QID) of integrable models particularly satisfy these
requirements, as seen in the case of sine-Gordon [20] and NLS [21] systems in the recent
past, along with their generalizations [22, 26]. They further possess soliton-like configu-
rations similar to solitons of known integrable models [23, 24], such as the baby Skyrme
models with many potentials and the Ward modified chiral models [19].
The QID of any integrable system is of importance not only due to possible physical
applications but also to analyze localized solution sectors in a less restrictive scenario.
Herein we quasi-deform the AB system which had not been studied in preceding litera-
ture to the best of our knowledge. The usual prescription for QID is through the zero
curvature formalism wherein the non-linear (potential) part of the dynamical equation
is suitably deformed by aptly altering the corresponding terms in the temporal Lax com-
ponent [21]. Modification to the temporal Lax component preserves the scattering data
though the time-evolution is effected, as mentioned in the NHD case. For a dual system
like AB, however, the potential term is not apparent (Eq. 1). To resolve this issue the
fact that when A0 is real the AB system can lead to the sine-Gordon equation under the
following identifications [3]:
A0 = ψx, B0 = cosψ, (22)
is utilized. In terms of ψ simultaneity of both the AB equations forces the sine-Gordon
equation ψxt = sinψ to be satisfied with (x, t) identified as suitable light-cone coordi-
nates. Although A0 is complex in the AB case as both the systems are integrable a
viable quasi-deformation scheme for the AB system should be analogous to that for the
sine-Gordon case. Following the quasi-deformation of the sine-Gordon equation [18, 20]
wherein the nonlinear or ‘potential’ term VSG(ψ) = cosψ was deformed the obvious
choice for quasi-deformation in the AB case has to be the function B0. This further
makes sense as by substituting B0 from the first of Eq.s 1 in the second,
A0,xt = −1
2
A0∂
−1
x
(|A0|2)t , (23)
marks B0 as the nonlinear term in the evolution of a and thereby equivalently is the
‘potential’ of the theory.
Thus a suitable QID will correspond to deforming the B0-dependent part in the tem-
poral Lax component M in Eq. 3 in analogy with the sine-Gordon system [18]. To our
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comfort, the B0-dependent contribution to the Lax pair exclusively belongs to the Kernel
subspace of the corresponding sl(2) loop algebra (to be explicated later) in M which is a
signature of a large class of quasi-deformed systems [21, 26]. Following this analogy, B0
itself corresponds to the sine-Gordon potential, VSG(ψ) =
1
16 (1− cosψ) and thus, the
quasi-sine-Gordon system should correspond to an exclusive deformation B0 → B when
A0 → A is real, which amounts to [18]:
VSG(ψ)→ 2
(2 + ε)2
tan2
ψ
4
(
1−
∣∣∣∣sin ψ4
∣∣∣∣2+ε
)2
≡ V εSG, ψ = ∂−1x A, (24)
where ε being the parameter of deformation. In terms of the AB system parameters this
deformation can be quantified as,
B0 → B = 1− 32
(2 + ε)2
√
2−
√
1 + B¯√
2 +
√
1 + B¯
[
1−
{
1
2
√
2
(√
2−
√
1 + B¯
)}1+ ε2]2
. (25)
The somewhat ‘intermediate’ deformed function B¯ = cos Ψ, introduced for convenience
of the deformation, can be visualized in terms of a deformed sine-Gordon system with
Ψ satisfying A = Ψx.
For A0 being complex, the simplest generalization to the sine-Gordon mapping implies:
A0 = ψxe
iφ, B0 = cosψ : ψ, φ ∈ R. (26)
As B0 and thereby B¯ and B still being real through Eq. 24, except for the updated
definition ψ = ∂−1x
(
e−iφA0
)
which still is a real solution of the sine-Gordon equation.
This implies that only the potential function B0 is deformed under QID but not ψ
itself. This allows for a QID scheme when the AB-system is complex, still maintaining
the analogy with the corresponding sine-Gordon system. We proceed with the above
definition from hereon, although there is nothing to suggest that this is the only way to
quasi-deform the AB system. The zero curvature condition now takes the form:
Ftx =
1
8iλ
[
2Bx +
(|A|2)
t
]
σ3 +
1
4iλ
[−Axt +BA]σ+ + 1
4iλ
[−A∗xt +BA∗]σ−. (27)
Starting from Eq.s 3 the deformation B0 → B changes the system to one marked by
the deformed solutions of Axt = AB. This deformed ‘on-shell’ condition would imply,
in general, that 2Bx +
(|A|2)
t
6= 0. Therefore the corresponding curvature does not
vanish: Ftx = Xσ3/λ 6= 0 and the system is no longer integrable. The non-vanishing
contribution:
X := − i
8
[
2Bx +
(|A|2)
t
] 6= 0. (28)
is termed as the QID anomaly. It goes without saying that the normalization condition:
|A0,t|2 + B20 = 1 is no longer supported by the quasi-deformed system more so as the
very integrability of the system is disturbed.
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3.1 The Abelianization and quasi-conserved charges
In order to obtain the quasi-conserved charges of the deformed AB system the cor-
responding sl(2) loop algebra is to be utilized [18] constructed from the basic SU(2)
structure as [26]:
[
bn, Fm1,2
]
= 2Fm+n2,1 , [F
n
1 , F
m
2 ] = κb
m+n where,
bn = λnσ3, F
n
1,2 =
λn√
2
(κσ+ ∓ σ−) , (29)
where κ is a number. The goal is to linearize the system in order to obtain quasi-
continuity equations leading to charges, conserved or otherwise. To this end a gauge
transformation is to be carried out which is independent of the Kernal subspace of the
sl(2) algebra, characterized by the generators bn, and spanned in its Image as [21]:
g = exp
∞∑
n=1
J−n, J−n = a−n1 F
−n
1 + a
−n
2 F
−n
2 ; a1,2 ∈ C. (30)
This transformation is chosen such that one of the Lax components exclusively belong to
the Kernel subspace which will Abelianize the system by leading to linear relations (con-
tinuity equations) among gauge-rotated coefficients in that subspace. Conventionally the
spatial Lax component:
L = ib1 +
1
2
√
2
(
A
κ
+A∗
)
F 01 +
1
2
√
2
(
A
κ
−A∗
)
F 02 , (31)
re-expressed in terms of the sl(2) generators, is chosen as its time derivative appears
in the zero curvature condition. It undergoes the gauge transformation L → L¯ =
gLg−1 + gxg−1 which is to be exclusively confined to the Kernel sub-space as::
L¯ =
∑
n
β−nL b
−n, (32)
The gauge operator g contains only negative spectral powers with n > 0 as L contains
only positive powers. This makes successive identification of the rotated expansion
coefficients much easier as they do not get mixed in coupled equations subjected to the
condition in Eq. 32. Employing the BCH formula, different terms in the expression of
L¯ are evaluated as:
gLg−1 = L+
∑
n
[J−n, L] +
1
2!
∑
m,n
[J−m, [J−n, L]]
+
1
3!
∑
l,m,n
[J−l, [J−m, [J−n, L]]] + · · · ;
where,
[J−n, L]
= 2i
(
a−n1 F
−n+1
2 + a
−n
2 F
−n+1
1
)
+
1
2
√
2
[
(A− κA∗) a−n1 − (A+ κA∗) a−n2
]
b−n,
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[J−m, [J−n, L]]
= 2iκ
(
a−m−n1 − a−m−n2
)
b−m−n+1 − 1√
2
[
(A− κA∗) a−n1 − (A+ κA∗) a−n2
]
× (a−m1 F−m−n2 + a−m2 F−m−n1 ) ,
[J−l, [J−m, [J−n, L]]]
= 4iκ
(
a−m−n1 − a−m−n2
) (
a−l1 F
−l−m−n+1
2 + a
−l
2 F
−l−m−n+1
1
)
− κ√
2
[
(A− κA∗)A−n1 − (A+ κA∗) a−n2
] (
a−l−m1 − a−l−2
)
b−l−m−n,
...
and
gxg
−1 =
∑
n
J−n, x − κ
2
∑
m,n
(
a−m1, x a
−n
2 − a−m1 a−n2, x
)
b−m−n
+ Nonlinear terms in sl(2) matrices. (33)
As discussed above, Eq. 32 forces the coefficients of Fn1,2 in the final expression to vanish
yielding the consistency conditions that determine the expansion coefficients a−n1,2 , crucial
for obtaining quasi-conserved charges. Starting from the highest order (coefficient of
Fn=01,2 ) onward the first few of them are,
a−11,2 =
i√
2κ
(A± κA∗) , a−21,2 = −
1
2
√
2κ
(Ax ± κA∗x) ,
a−31,2 =
i
6
A∗x (A∓ κA∗)−
i
4
√
2κ
(Axx ± κA∗xx) ,
... (34)
This leaves the non-zero expansion coefficients of the spatial Lax component L¯, rotated
into the Kernel subspace, to be identified as,
β1L = i, β
0
L = 0, β
−1
L = −i
κ√
2
A∗x,
β−2L =
i
2
Im (AA∗x) +
2
3
κ2A∗A∗x +
κ√
2
A∗xx,
..., (35)
which are crucial for linearizing the system and thereby leads to the notion of charges.
Subsequently, the temporal Lax component gauge-transforms as,
M = i
B
4
b−1 − i 1
4
√
2κ
(At − κA∗t )F−11 − i
1
4
√
2κ
(At + κA
∗
t )F
−1
2
→ M¯ = gMg−1 + gtg−1 =
∑
n
[
β−nM b
−n + α−n1 F
−n
1 + α
−n
2 F
−n
2
]
, (36)
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spanning whole of the sl(2) group space in general. The individual terms therein are
expressed as,
gMg−1 = M +
∑
n
[J−n, M ] +
1
2!
∑
m,n
[J−m, [J−n, M ]]
+
1
3!
∑
l,m,n
[J−l, [J−m, [J−n, M ]]] + · · · ;
where,
[J−n, M ]
= − i
4
√
2
[
(At + κA
∗
t ) a
−n
1 − (At − κA∗t ) a−n2
]
b−n−1
−iB
2
(
a−n1 F
−n−1
2 + a
−n
2 F
−n−1
1
)
,
[J−m, [J−n, M ]]
=
B
2i
κ
(
a−m−n1 − a−m−n2
)
b−m−n−1 +
i
2
√
2
[
(At + κA
∗
t ) a
−n
1 − (At − κA∗t ) a−n2
]
× (a−m1 F−m−n−12 + a−m2 F−m−n−11 ) ,
[J−l, [J−m, [J−n, M ]]]
= iκB
(
a−m−n1 − a−m−n2
) (
a−l1 F
−l−m−n−1
2 + a
−l
2 F
−l−m−n−1
1
)
+i
κ
2
√
2
[
(At + κA
∗
t ) a
−n
1 − (At − κA∗t ) a−n2
] (
a−l1 a
−m
1 − a−l2 a−m2
)
b−l−m−n−1,
...
and
gtg
−1 =
∑
n
J−n, t − κ
2
∑
m,n
(
a−m1, t a
−n
2 − a−m1 a−n2, t
)
b−m−n
+ Nonlinear terms in sl(2) matrices. (37)
The exact expressions of the expansion coefficients of this gauge-rotated temporal Lax
component are not crucial to determine the charges. However, we list a few of them for
the sake of completion:
β−1M = i
B
4
, β−2M =
i
2
Im (AtA
∗)− i
κ
Im (AtA
∗) ,
β−3M = −
1
4
Im (AtA
∗
x) + i
κB
4
√
2
A∗x +
1
2
Im ((AtA
∗)x) ,
...
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α−11,2 =
i
4
√
2κ
(3At ± 5κA∗t ) , α−21,2 =
B
2
√
2κ
(A∓ κA∗)− 1
2
√
2κ
(Axt ± κA∗xt) ,
α−31,2 = i
B
4
√
2κ
(Ax ∓ κA∗x)−
i
4
√
2κ
(|A|2)
t
(A∓ κA∗) + i
6
{A∗x (A∓ κA∗)}t
− i
4
√
2κ
(Axx ± κA∗xx)t ,
... (38)
The quasi-deformed curvature as a whole transforms under this gauge rotation and thus
can be expanded in a BCH series as follows,
Ftx = X b−1 → F¯tx = gFtxg−1,
F¯tx ≡ X gb−1g−1
= X
[
b−1 +
∑
n
[
J−n, b−1
]
+
1
2!
∑
m,n
[
J−m,
[
J−n, b−1
]]
+
1
3!
∑
l,m,n
[
J−l,
[
J−m,
[
J−n, b−1
]]]
+ · · ·
]
:= X
∑
n
(
f−n0 b
−n + f−n1 F
−n
1 + f
−n
2 F
−n
2
)
. (39)
The individual commutators can be evaluated readily as,
[
J−n, b−1
]
= −2 (a−n1 F−n−12 + a−n2 F−n−11 ) ,[
J−m,
[
J−n, b−1
]]
= −2κ (a−m−n1 − a−m−n2 ) b−m−n−1,[
J−l,
[
J−m,
[
J−n, b−1
]]]
= 4κ
(
a−m−n1 − a−m−n2
)
×
(
a−l1 F
−l−m−n−1
2 + a
−l
2 F
−l−m−n−1
1
)
. (40)
This finally enables the identification of the expansion coefficients of the rotated curva-
ture as:
f−10 = 1, f
−2
0 = 0, f
−3
0 =
κ√
2
A∗x,
f−40 = iκ
2
(
1
3
A∗A∗x +
1
2
√
2κ
A∗xx
)
,
...
f−11,2 = 0, f
−2
1,2 = −i
√
2
κ
(A∓ κA∗), f−31,2 =
1√
2κ
(Ax ∓ κα∗x) ,
f−41,2 = −
i
12
A∗x (5A± 3κA∗) +
i
2
√
2κ
(Axx ∓ κA∗xx) ,
... (41)
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This direct evaluation of the rotated curvature in the sl(2) basis must be consistent with
the same obtained in terms of the transformed Lax pair
(
L¯, M¯
)
which is,
F¯tx = L¯t − M¯x +
[
L¯, M¯
]
=
∑
n
[(
β−nL, t − β−nM, x
)
b−n − α−n1, xF−n1 − α−n2, xF−n2
]
+2
∑
m,n
β−nL
(
α−m1 F
−m−n
2 + α
−m
2 F
−m−n
1
)
. (42)
By equating the coefficients of the rotated curvature obtained in both ways we finally
obtain two sets of linearized equations:
β−nL, t − β−nM, x = Xf−n0 and
−α−n(1,2)x + 2
∑
m
β−nL α
−m−n
2,1 = Xf−n1,2 . (43)
The first set of linearized equations accumulates the Abelianization of the system and
thereby constitutes an infinite set of continuity equations. They naturally allow for the
definition of an infinite set of charges,
Q−n :=
∫
x
β−nL , (44)
whose time-evolution solely depend on the QID anomaly X as,
dQ−n
dt
=
∫
x
β−nL,t =
∫
x
(
β−nM, x + Xf−n0
)
≡
∫
x
Xf−n0 , (45)
where the last step considers suitable boundary conditions. A few of the lowest order
charges can be evaluated right away. For n = 1 we have,
dQ−1
dt
=
∫
x
X ≡ − i
8
d
dt
∫
x
|A|2, (46)
with the deformed potential B being asymptotically well-behaved. The RHS above is
nothing but the time-evolution of total density of the system with solution A. It is viable
to expect that a physical system has a conserved total density and so a conserved Q−1.
This assertion is particularly true for localized solutions of the deformed system which
we will obtain later. Similarly, since the coefficient f−20 vanishes, the corresponding
charge Q−2 is conserved identically. The next couple of charge evolution relations are:
dQ−3
dt
=
κ√
2
∫
x
XA∗x,
dQ−4
dt
= iκ2
∫
x
X
(
1
3
A∗xA
∗ +
1
2
√
2κ
A∗xx
)
, (47)
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which are non-vanishing in general. Therefore we observe partial conservation already
signifying QID. Asymptotically, all these charges are conserved as the quantity X con-
tains derivatives of field B and A. These fields are expected to be asymptotically con-
stant for physically meaningful conditions (particularly for solitonic cases) rendering
their derivatives and thus the anomaly to be zero. Even locally as X 6= 0 subjected
to particular deformations (B0 → B) and solutions (A), the latter most likely being
localized, more conserved charges of the quasi-deformed AB system could be obtain.
3.2 Perturbation and particular results
Although QID need not be perturbative always [21] one is allowed to consider the corre-
sponding parameter ε to be small since the deformed system retains partial integrability
[18]. As a demonstration, the quasi-deformed function B in Eq. 25 can be then expanded
in powers of ε to the first order as,
1−B
16
≈ 1− B¯
16
− ε
16
[
1− B¯ +
(√
2−
√
1 + B¯
)2
ln
(√
2−
√
1 + B¯
2
√
2
)]
≈ 1− B¯
16
− ε
16
[
1−B0 +
(√
2−
√
1 +B0
)2
ln
(√
2−√1 +B0
2
√
2
)]
. (48)
Inside the bracket B¯ was replaced by the undeformed counterpart B0 maintaining a first-
order expansion in ε. This is acceptable as B¯ = B0 +O(ε) expecting that Ψ = ψ+O(ε).
To obtain a ε-expansion of B, since B¯ = cos Ψ and A = Ψx, it is safe to assume that
the system (A, B¯) is closer to the undeformed system (A0, B0) than (A,B) is. Then, on
considering the expansion A = A0 + εA(1) + · · · , the first of Eq.s 1 can approximately
holds up, as B¯ can be assumed to be complemented by the first order modification in
A, as,
B¯ ≈ −1
2
∂−1x
(|A0 + εA(1)|2)t ≈ B0 − ε2∂−1x (A0A∗(1) +A∗0A(1))t . (49)
Substituting these approximations in Eq. 28 the QID anomaly can be approximated as,
X = −i ε
4
[
1−B0 +
(√
2−
√
1 +B0
)2
ln
(√
2−√1 +B0
2
√
2
)]
x
, (50)
which is free from deformed contribution A(1) at the lowest order and thereby can be
computed using undeformed function B0. This reinforces the validity of the assumption
in Eq. 49. Particularly, the O(ε) contribution is a total derivative1 and thus Q−1 above
is trivially conserved subjected to proper boundary conditions.
1It can easily be shown that up to all perturbative orders X is a total derivative given the first of Eq.s 1
is valid at that order.
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To determine the deformed functions A and B, from Eq.s 48 and 49 followed by
Axt = AB, we obtain,
B ≈ B0 + ε
[
1−B0 +
(√
2−
√
1 +B0
)2
ln
(√
2−√1 +B0
2
√
2
)
−1
2
∂−1x
(
A0A
∗
(1) +A
∗
0A(1)
)
t
]
,(
∂2
∂x∂t
−B0
)
A(1) ≈ A0
[
1 +
(√
2−
√
1 +B0
)2
ln
(√
2−√1 +B0
2
√
2
)]
. (51)
So it boils down to solving the second equation above for A(1) which is a second order
inhomogeneous equation. For most of the systems with their simplest solutions, the
above system may not be easy to solve exactly, even at O(ε). On considering the unde-
formed single-soliton solutions of Eq.s 16, since A0 is real the sine-Gordon mapping and
thereby the subsequent QID scheme is valid for this set of solutions. The corresponding
expression for the anomaly now takes the particular form:
X = −εγ
2
sech2θ
[
1 + tanh θ + 2(1− tanh θ) ln
(
1− tanh θ
2
)]
. (52)
The behavior of the anomaly against the undeformed solutions is depicted in Fig 4a
wherein the anomaly χ is clearly subdominant against the undeformed amplitudes. Up
to O(ε), considering asymptotic boundary conditions, this enables us to evaluate couple
of non-trivial charge evolution (at t = 0) as,
dQ−3
dt
≈ κ√
2
∫
x
X 1(A∗0)x ≈ −i0.16825εγ2κ,
dQ−4
dt
≈ iκ2
∫
x
X 1
{
1
3
(A∗0)xA
∗
0 +
1
2
√
2κ
(A∗0)xx
}
≈ i (0.11272− 0.10074κ) εγ3κ. (53)
Explicitly, Q−3,−4 are not conserved and thus renders the system to be quasi-integrable.
The evolution of the charges can take different values depending on the undeformed
solutions (A0 , B0) and few of them may vanish in particular cases, including particular
parameterization. The latter, as an example, corresponds to a trivial choice of κ that
can conserve Q−4.
The first order correction A(1), from Eq. 51, to this single soliton case is defined by
the following equation,
(
∂2
∂x∂t
− 1 + 2sech2θ
)
A(1) ≈ 2iγsechθ
[
1 + 2 (1− tanh θ)2 ln
(
1− tanh θ
2
)]
, (54)
17
- 3 - 2 -1 1 2 3 x
-1
1
2
3
B 0
A 0
¡ Χ ¥
(a) Undeformed 1-solitons and QID anomaly.
- 2 -1 1 2 x
2
4
6
8
ÈAH 1 L È
A0
È A È
B0
B
(b) Deformed 1-soliton amplitudes.
Figure 4: a) The evolution of the anomaly modulus |χ| (red) along-with the undeformed
single-soliton amplitudes A0 (blue) and B0 (green) as a function of position x with t = 0.5
(solid), t = 1 (dashed) and t = 1.5 (dotted). Here, iγ = 1.5, δ = 0 and ε = 0.5 are considered
for optimum demonstration. The perturbative approach is justified as both A0 and B0 domi-
nate the |χ|.
b) The modulus of the quasi-perturbation A(1) (magenta) is found to be localized. Subse-
quently, the deformed amplitudes (A (blue) and B (red)) gets just marginally deformed from
the undeformed counterparts (B0 (red, dashed) and A0 (blue, dashed)) at the temporal origin
(t=0).
with the homogeneous part being just A0. We solve this equation graphically using
Mathematica8, and depict the comparative results in Fig. 4b. It is seen that the correc-
tion function A(1) is fairly localized and thereby the system can still maintain asymptotic
integrability. Following Eq. 51 the amplitudes (A0 → A, B0 → B) deform only mod-
erately in the perturbative limit (even for ε = 0.5) which further assures approximate
integrability.
We next consider QID of the two soliton case as depicted in Eq.s 17. HereA0 is complex
in general whereas B0 is still real and thus the ‘generalized’ correspondence of Eq.s 26
is assumed for a sensible deformation. These amplitudes, along with the corresponding
anomaly amplitude |χ|, have been depicted in Fig. 5a at temporal origin. The anomaly
is indeed subdominant for ε = 0.1 and respects the symmetry of the 2-soliton system.
The corresponding solutions to the Eq.s 51 are obtained numerically and the modified
AB amplitudes are plotted in Fig 5b. The first order correction A(1) for this two-soliton
case has a steep but localized well-like structure. Under suitable perturbative limit
ε → 0 it respects the 2-soliton structure locally (x → 0). Consequently the deformed
solitons A and B maintain similar local structures. Therefore the characteristics quasi-
integrability should prevail in the 2-soliton case too. In principle, one can extend this
procedure for higher-order multi-soliton solutions. However the actual computations will
become successively tedious, even numerically.
The non-trivial charges for the two-soliton case satisfy the evolution expressions:
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Figure 5: a) The 2-soliton anomaly modulus |χ| (red) is also strictly localized, respecting the
local symmetry of the undeformed amplitudes |A0| (blue) and B0 (green) at the temporal
origin. For a permissible perturbative range (ε = 0.1) the anomaly is subdominant. Here,
a1 = 1.1, a2 = 1 and δ1,2 = 0.
b) The quasi-perturbation modulus |A(1)| (magenta) is like a steep well that does not consid-
erably effect the local amplitudes for a suitably small value of ε. As a result the deformed
amplitude |A| (blue, dashed) differs from the undeformed counterpart |A0| (blue) only at the
boundary of the well. Deviation of the ‘potential’ |B| (red, dashed), though relatively promi-
nent, maintains the local structure before deformation, B0 (red). The amplitudes are scaled
suitably for demonstration purpose.
dQ−3
dt
≈ (690124 + i691767)κε
dQ−4
dt
≈ [(3347.54− 1.562× 107κ)− i (3485.90− 1.568× 107κ)]κε, (55)
wherein we have considered a1 = 1.1 and a2 = 1. Since both Q
−1,−2 are conserved,
the 2-soliton sector again demonstrates quasi-integrability. Interestingly, unlike in the
1-soliton case, Q−4 cannot be conserved by a trivial choice of the parameter κ. Indeed
the ‘extent’ of quasi-integrability may reduce as one considers more complicated solution
regimes. However, the generic feature of partial conservation will doubtlessly prevail.
4 Discussion and conclusion
We have analyzed and explicitly obtained both non-holonomic and quasi-integrable de-
formations of the AB system. In case of NHD the system develops nontrivial inhomo-
geneities that satisfy higher order differential constraints. The particular spectral order
of the deformation to the temporal Lax operator is crucial for a meaningful result. It
is easy to verify that a deformation of spectral order lower than λ−2 will not effect the
dynamics though increasingly more extended and higher order differential constraints
can appear, which is a generic nature of the NHD itself. We have further obtained a
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few localized solutions of the deformed system and found that they can be both sim-
ilar to and different from the undeformed ones. More generic solutions corresponding
to arbitrary deformation functions, which could be completely different from the unde-
formed counterparts, can be obtained in principle which is likely to require extended
computations.
The QID of the AB system corresponded to deformation of the potential term that
directly effects the nonlinearity. As a result only a subset of the total charges remain
conserved, though all of them regain conservation asymptotically. We have explicitly
obtained initial few of those charges directly in terms of the dynamical variables, with a
couple of them being conserved and thereby quasi-integrability of the system is assured.
The time evolution of these charges asymptotically vanish since the anomaly X does,
expectantly regaining integrability. The already conserved charges (Q−(1,2)) correspond
to certain basic symmetries of the system retained over QID; conservation of Q−1 owes
to translation invariance of the system whereas that for Q−2 could be due to the B0 →
B0 − u1(x, t) invariance observed following the O
(
λ−1
)
NHD.
The exact form of the QID B0 → B is not so important to demonstrate the partial
integrability of the system here, as is the case for most of the known quasi-deformed
systems [18, 20, 21, 22]. However, it is required determine few more quasi-conserved
charges subjected to the exact form of the quasi-deformation and for particular localized
solutions. An instructive way could be to consider the perturbative limit [18] of the
deformation. However, QID is not needed to be perturbative always [18, 20] and more
refined algebraic symmetries of the system, possibly corresponding to the inherent sl(2)
loop algebra [21], could be utilized. After explicating the generic deformation proce-
dure in the present work, we aspire to analyze the particular and physically interesting
solutions and the corresponding (quasi-)conserved quantities in the recent future.
The NHD of the AB system bears additional importance as it is still very much
integrable and thus can identify with other physical systems of interest. It has been
known that by keeping the order of the constraint equation fixed, the NHD can be
extended over a number of spectral orders leading to multiple integrable models [13,
14]. This can uncover relations between systems, otherwise uncorrelated, as mutual
NHDs (for example, Ref. [29] and references therein). This can be another fruitful
study for the future, possibly relating the AB system with other models important in
fluid dynamics and non-linear optics. Further, since the QID of the system regains
integrability asymptotically, in some cases the quasi-deformed system may converge not
to the undeformed system but to a NHD of the same. Therefore, although locally distinct
on the basis of integrabilty, asymptotically a quasi-deformed system may correspond to
NHD of the same. This possibility has been ventured for the nonlinear Schro¨dinger
equation [25]. Investigation for such a possibility for the AB system could enhance its
understanding, with possibly wider applications.
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